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Abstract: This study is concerned with the reliable filtering problem for the sampled-data system subject to a class of probabilistic
sensor signals distortion. A new distortion model is developed by introducing a diagonal random matrix whose elements obey the
Gaussian distribution. The main purpose in this study is to design a filter such that the error dynamics of the filtering process
subject to the probabilistic sensor signal distortion is mean-square asymptotically stable. Based on the modified delay-central-
point (DCP) method and the convexity property of the matrix inequality, new criteria are derived for the existence of the
desired H,, filters, by which it leads to much less conservative analysis results. Simulation results are provided to illustrate

the effectiveness of the proposed method.

1 Introduction

The filtering problem of sampled-data systems has been
attracting considerable research interests over the past
decades with a fast development of computer technology
[1-9]. In traditional studies, most of the researches focus on
single-rate digital systems. Filter design for the linear
sampled-data system was concerned in [10, 11], and the
problem of filter design for non-linear systems was studied
in [12, 13]. In [14-19], Wang and co-workers dealt with the
robust filtering problem for uncertain stochastic systems.
However, it should be mentioned that in real systems A/D
and D/A converters often work at different sampling rates
because of various computational load and external
disturbance etc.. Therefore another approach that is
time-varying sampling period is aroused, see, for example,
[6, 8, 9] and the references therein.

It should be noted that the aforementioned results are based
on an assumption that sensors operate without any flaws, that
is, the filter receives the value of the process accurately.
However, the distortion of the sensor usually happens in
practice because of some internal or external reasons, such
as, the aging of the components, the external disturbance
etc. To the best of our knowledge, the design of the
sampled-data filter subject to stochastic sensor distortion is
still an open problem, although there are some results on
filter design considering the abnormal sensor transmission
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cases [20, 21]. The problem of reliable guaranteed variance
filtering against sensor failures is addressed in [20], where
the scale-factor of sensor failures belongs to an interval.
The fault model of the sensor, however, has its limitations
as it cannot cover the practical case. In [21], the filtering
problem for a class of discrete-time with consideration of
the missing measurement by a random variable satisfying a
certain probabilistic distribution on the interval [0, 1] is
concerned, however, the sensor output signal is not always
missing; sometimes it may fluctuate around the true or a
certain value.

This paper is concerned with the problem of H, reliable
filtering of the sampled-data system subject to a probabilistic
sensor signal distortion. The main contributions of the
obtained results are as follows: (i) a probabilistic sensor
signal distortion model for continuous-time system is
developed; (ii) the conservativeness of the derived H,
performance analysis result is further reduced by combining
the delay-central-point (DCP) method [22] and the nature of
convexity property of the matrix inequality. Numerical
examples are given to show the effectiveness of the
proposed method.

Notation: R" denotes the n-dimensional Euclidean space,
R"™™™ is the set of real nm x m matrices, I is the identity
matrix of appropriate dimensions, ||-|| stands for the
Euclidean vector norm or spectral norm as appropriate. The
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notation X > 0 (respectively, X < 0), for X € R"*" means
that the matrix X is a real symmetric positive definite
(respectively, negative definite). When x is a stochastic
variable, £{x} stands for the expectation of x. The asterisk
* in a matrix is used to denote the term that is induced by
symmetry. Matrices, if they are not explicitly stated, are
assumed to have compatible dimensions.

2 Problem formulation

Consider the controlled process is an linear time invariant
(LTT) system

x(f) = Ax(t) + Bo(t)
»t) = Cx(1) (1)
(1) = Lx(t)

where x(f) € R" is the state vector, y(f) € R? is the
measurable output vector, z(f) is a signal to be estimated,
the process noise w(f) € R? including model uncertainties
and external plant disturbance belongs to L[0 oo]. A, B, C
and L are constant matrices with appropriate dimensions.

As shown in Fig. 1, the filter to be designed is based on the
sampled-data mode. The measurement noise cannot be
avoided, although measuring instrument is with high
accuracy. It leads to the sensor signal distortion as

V(1) = Ep(t) )

where y,,(7) is an actual measurement of the process output;
E =diag{é, ..., £,} is a diagonal matrix, which indicates
the rate of signal distortion in every measurement channels;
The elements £{&/0 < & < o,i = 1,..., m} are m unrelated
variables. Here, we define £{£} = p, and E{E} = E.

In this paper, we are interested in obtaining the estimate of
the signal z(#) from the actual measured output. The full-order
filter to be considered is given as follows

{xf(t) =Ax () +Bw,(4) 4, <t<ty, k=0,1,2, ..
z2¢(1) = Cpxe (1)
©)

where x;(7) € R" is the state vector of filter, A, Br and C; are
the filter parameters with appropriate dimensions to be
determined. #; denotes the sampling sequence.

Remark 1: in [20], the sensor failure was considered in the
process of the filter design, however, the scale-factor of the
sensor failure &, does not include the failure statistical
information. In fact, the sensor fault model in [20] are only
two special cases modelled in (2). In [23], the authors
develop a fault model to describe an intermittent
measurement case by using the Bernoulli distribution,
however, it cannot cover the case of signal distortion.

Uncertainties
and disturbance
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Fig. 1 Sampled-data system
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Remark 2: we borrow and extend the idea in [21] to develop
the model of signal distortion in every measuring channels. In
[21], the authors mainly addressed the measurement missing
of the sensors for discrete-time systems by introducing a
random variable. Moreover, the authors assumed that the
random variables &; takes value in the interval [0, 1], as a
matter of fact, the measured signal may be bigger than the
real value because of the measurement noise, which is a
common occurrence in practical systems, such as, offset
thermal drift; however, it has not caused a considerate
attention up to now.

It can be shown from (3) and Fig. 1 that the input of the filter
holds a constant value till the next sampling instant. Then, we
denote 7(f) = t — 1, for t; < t < t;4+. It is clear that

0<h<mt)<t, —t,<h 4)

where /4 and 4 are the lower and upper bounds of distance of
two sampling instants, respectively.

Defining {(t) = |:xx((tt))] and e(t) = z(t) — z(¢). We can
f
obtain the following filtering-error system

{ {e) = AL0) + (A + A JHL = 70) + Bo() (5
e() = L)

where

- A 0 - 0 - 0
A = s Ad = = ’ Adr = I —

3 Main results

In this section, we propose an linear matrix inequation (LMI)
approach to solve the H, filtering problem formulated in the
previous section. We first give the following lemma and
definitions which will be used in the subsequent development.

Lemma 1: [24] For any constant matrix R € R"*", R > 0,
scalars 7, < 7(f) < 7,, and vector function x: [—5—2, — i—l] —
R”" such that the following integration is well defined, it holds that

_jl x"(Rx(1)

=T

—(?2—?1)J

Lemma 2: [25] Suppose M, N and £ are constant matrices of
appropriate dimensions. Then

() =7 )M + (7, — ()N + Q@ <0 (7)

is true for any 7(/) € [7, 7, ] if and only if

(fH—7)M+Q<0 (8)
(;,—7)N+Q <0 )
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Definition 1:For a given function VZC?:O([—TZ, 0], R") xS,
its infinitesimal operator £ [26] is defined as

£V (k) = lim L[E((abe) = V(x)] (10

Definition 2: System (5) is said to be asymptotically stable in
the mean-square sense with an H,, norm bound y, if the
following conditions hold:

1. System (5) with w(f) = 0 is asymptotically stable in the
mean-square sense.

2. Under the assumption of zero initial condition, it satisfies
Elllel,} = ylw@), for any non-zero w(t) € L|ty, oo].

For convenience of description, we define 8 = (h — h)/2,
then [h, h] =1[h, hy] U [hy, h], where hy=h+ 6. The
following delay-dependent conditions can be got to
guarantee E{LV ()} <0 by constructing the Lyapunov
functional ¥({;) and checking the infinitesimal operator of
(¢ in both the case of 7(t) € [h, hy] and the case of

t) € [hy, hl.

Theorem 1: For given scalars s, h and y, if there exist
matrices P >0, Q; >0, R, >0 (i=0, 1, 2), M, N, A, B;
and C; with appropriate dimensions satisfying (11), then the
system (5) is mean-square asymptotically stable with H,
norm bound y.

Hi—l—Ai—i-AiT * * *

R4 —k <0G, j=1,2)
~ L, J=1,
i 0 —I /

Y 0 0 -R

(11)

Proof: choose the Lyapunov function as

V(ft) =" (Q) + Vz({z) + V3(§r)

where

V1(¢) = Pt

t !

(&) =J hgT(s)HTQng“(s)ds—}— j E§T(S)HTQ2H§(s)ds

t— —

+ j L (5)HT Qo H(s) ds

1—hy

0t —h ot
V3(§t)=hj j XT(V)Rox(V)dvds+j _j T (V)R x(v)dvds
—h

t+s —hyJ t+s

—hy (ot
+j [ x' (V)R,x(v)dvds

—h Jt+s

Use the infinitesimal operator (10) for system (5). It yields

E(LV(¢)} = 26{ OP[AL) + A44(t — 7)) + Be(0)] )
E(Lry(8)}) = [T OHT(Qy + @ + @) H D)

— 't — WH"QH{(t — h)

—{(t - WH " QHUt —h) €

— Mt — ho)HTQuH(t — hy) }

1

ElLy =& HATRA t—hj %7 (s)R,x(s)ds
where (see equations at the bottom of the page) { S(Q)} {”’7 ® " i—h (R ts)
- o7 t—h t—hy
I, =PA+A P+H (Q, + 0, — R)H - j x" ()R, x(s)ds — j ) xT(s)RZX(s)ds}
t—h, t—h
Y, = VoM, Y,, = VoNT, Y, = Vs, Y,, = /oI '
A, = [OMN — M — NO0], A, = [00S — TT — SO] where
R =HR, + R, +8R,, L=[L00000] &0 x—h X — ) B
_ _ () = - =
A=[HA 0 HA, 0 0 B] x(t—hy) x"t—h @'
I * * * * * 7]
R)H —-Q,—-R, x * * *
m ;1TP 0 0 * * *
Lo 0 0 —Q,—R,/ * *
0 0 0 R,/5 -0, —R,/8 x
L B'P 0 0 0 0 —v
r I, * * * * * 7]
RH -0, —R,—R,/0 = * * *
L. — ;ITP 0 0 * * *
S ) R,/ 0 —Q,—R,/6 %  x
0 0 0 0 -0,
| B'P 0 0 0 —9_
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Using Lemma 1, we have

C a@ 1
_ ﬁjt_hx (SR, X(s) ds = [x(t - ﬁ)}

T
|:—H RH M 0 ] 02
RH  —R, |Lx(t—h)

Combining the results of E{LV;()}i =1, 2, 3), we can
obtain
E(LV (L)} < E{2d" OP[ALt) + Ayx(t — (8)) + Bo(?)]

+ N OH Qo+ @ + @) HU(1)

— 't —H"QH{(t — h)

— 't = WH " Q,H (1 — h)

— (1= ho)H' QuH{(t — hy)

+ 7' (O A"RAN()

+[ {0 ]T ~H'RH % [ 0 }
x(t — h) RH —R, |Lx(t—h)
(~h (—hy

—j xT(s)Rlic(s)ds—j &1 (5)Ryx(s)ds
t—hy t—h

+e'(H)e(r) — Yo' (t)o(?)

—e' (e + Yo' (el (13)

As mentioned above, (1) € [h, hy] or [hy, h]atany instant,
we define the following two sets

= {70) € [h, hy]} (14)

F, = {t1(t) € [hy, h]} (15)

In the following, we will discuss E{ LV (¢,)} for the two cases
in relation to t € F| and t € F,.

Case 1: For t € F: Applying Lemma 1, we can obtain
deduced

—hg
—j X' ()R,y(s)ds

—h
- |:x(t_h_0):|T[_R2 * ”:x(t—h_o)] (16)
xt—h | LR =R ]| xt—h

By using slack matrices method [27], we have

t—h

20" (OM |:x(t —h) —x(t — (1) — j )'c(s)dsj| =0 (17)

(—(f)

—1(1)

t—hy

ZnT(t)N|:x(t — (1)) — x(t — hy) — j )'c(s)ds:| =
(13)
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Note that

i~h
27" oM | s = (50— 1) OMRT M)
i~h
+J x" ()R, x(s)ds (19)
t—1(t)

t—(t)
J(s)ds < (ho — ()"

t—hy

—hf(r)Nj (ONR;'N'n(r)

t—(t)
+J x" ()R, x(s)ds (20)

t—hy

Combining (13)—(20), we can deduce
gL (x)) < EinT(t)[Hl + ATRA+ A, + AT + ZTZ] (o)
+ (7t) — k)" ()MRT' M " (t)

+(hg — (1)) nT(t>NerNTn(t)} 1)

where I1;, A, A, L are defined in Theorem 1.

One can easily see that (11) correspondingtoi =1,/ = 1,
2 is a sufficient  condition  to guarantee
E(LV (L) + e (0)e(t) — Yo' (D)) <0 by using the
Schur complement and Lemma 2.
Case 2: Fort € F,: Using a similar method to the Case 1, we
can obtain the same conclusion, that  is
LV (L) +e"(te(t) — Yo' (Do)} <0  under  the
condition (11) corresponding to i =2, j =1, 2 for any
te F,.

From the above discussions, we can conclude that

E(LV (L) +e' (e — Yo' Do} <0 (22)
for all # € R™ if the inequality (11) holds.

Under the zero initial condition, integrating both sides of
(22) from ¢, to t and letting # — oo, we have

Ellre@ll2} = yla@)ll, 23)

Next, we consider the mean-square asymptotic stability of
augmented system (5). When o(¢) =0 combining with (11)
and (23), we have &{LV({)} <0, which gives
E(LV (L)} < —elld@)lI for a sufficiently small £ > 0, and
ensures the mean-square asymptotic stability of system (5)
with time-varying delay that satisfies (4). This completes
the proof.

Remark 3: A less conservative result is obtained by using the
convex property of matrix inequality and the idea of DCP in
[28]. One can further extend the DCP method to achieve
much less conservative results by dividing the delay
interval into several equal subintervals by using the similar
method. For the sake of technical simplicity, here we only
take two equal intervals.

Based on Theorem 1, we are in a position to derive a
criterion for the filter design.

Theorem 2: for given scalars s, 4 and y, if there exist matrices
P, >0, P3>0 P;>0, P,>0(=1,2), P, A;, By,
Cs, M, N, § and T with appropriate dimensions, such that
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the following LMIs hold, then the system (5) is mean-square
asymptotically stable with H,, norm bound y

IT, + A, + A, * * *
RA R x
8 <0G, j=1,2)
L 0 —1 ¢
Y, 0 0 -R
(24)
P,—P;>0 (25)

Moreover, the parameters of H, filter in (3) are given by
A =A4;P;', By =B;, C;=C;P;’ (26)

where (see equations at the bottom of the page)

1= | ~21 =~22
Iy, I,

ﬁii =P A+A'P, +0Q,+0,+0,— R,
I, = P,A+ A4}, I =4,+A;
I, = [CTETBI — N, —M" AP} + C"E" B! +NT, —MITZ]
I, =[R,+M], M{,] A=[4 0 0 0 0 0 B]
I, =[B"P, B'P,], L=[L—-C; 0 0 0 0 0]

Y, =voM", Y, =N, Y, =88", Y,, = V61"

st= ool owDoME oMl )
N:[NlTl N1T2 N; N; NI N? NE]T
S=[sl, sl, s7 s7 si st si]

5 T T T T
T=[T11 T, T, T;

Proof: Defining

[P (1 0
P_|:P2 P3}>0’ J‘[o nggl}
and

‘:lf = PgAfpz’ Bf = Pnga
P, =P P;'P,

Then P, > 0 and P, — Py > 0 if P > 0. Multiplying both
sides of (11) with {J, I, I, I, I, I, I, I, I} and its transpose. It
can be shown that (24) is equivalent to (11), where

[M1T1 M?z] :MTJT’ [N1T1 N?z] :NTJT

Then the system (5) is mean-square asymptotically stable,
with the parameters as

@7

It is algebraically equivalent [29] with A= APy,
B; =B;, C;= C:P; . This completes the proof.

4 Numerical examples

This section aims to demonstrate that the method proposed
above not only with less conservativeness comparing with
the existed ones, but also with perfect reliability.

Example 1: Consider the linear system (1) with the following
parameters [30]

A ) PO

L=[1 1]

Assume 7(¢) in (4) satisfies 0.2 < 7(¢) < 0.48. To illustrate
the result by using our proposed method is of less
conservativeness, in this example, we assume the sensor
signal without any distortion, that is = = 1. Based on
Theorem 2, we can obtain ¥, = 0.19, whereas ¥, =

II,, * * * * *
M, -0 —-R, * * * *
i, = I1;, 0 0 * * *
01x2n 0 0 _QO - R2/8 * *
On><2n 0 0 RZ/6 _QZ - R2/5 *
L 115, 0 0 0 0 —v
I, * * * * * ]
M, -0 —R,—R,/6 x s’ s’ s
N I1,, 0 0 * * *
I1, =
0120 R1/6 0 _QO _R1/6 * *
On><2n 0 0 0 _QZ *
e 0 0 0 0 —
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2,0

z1(t) and 2y g(y)

0 10 20 30 40 50
Time ¢ (sec)

Fig. 2 Curves by using the reliable filtering parameters

()

z3(t) and 2p(y)

0 10 20 30 40 50
Time ¢ (sec)

Fig. 3 Curves by using the reliable filtering parameters

1.42 by using the method of Theorem 1 in [30]. Obviously,
our result is much better than that ones in [30].

Example 2: Consider the controlled process (1) with the
following parameters

0 -1 =05 -2
A=11 =2 1 , B= 1
10 =05 -1 —0.5 |
[—10 0 O 1 0 07
C: . L:
50 50 0 1 0]
1, 5<t<10s
w)=4{ -1, 15<t<20s
0, otherwise

Assume the network index 7(f) satisfies 0.1 < 7(f) < 0.48,
and the sensor signal is subject to probabilistic sensor
distortion with u; = 0.6.

Apply the LMI toolbox, a set of feasible solutions to LMIs
(24) with the performance level y = 5.0 and distortion level
1 = 0.6 can be obtained. Furthermore, the filter parameters
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,«‘ z"(t)
15} / “ - -z,

z1(t) and 2y gy

0 10 20 30 40 50
Time t (sec)

Fig. 4 Curves by using the normal filtering parameters

are computed by (26) as follows

[ —4.8834 —0.5386 —0.7000
A= 2.0471 —=2.7664 1.0882

| —2.0329 —1.5562 —1.8624

0.2519  0.0039 (28)

B;=| 0.0238 —0.0117

| —0.0287 —0.0051
c, - [—2.5990 —0.6188 —0.2964]

| —0.6329 —0.5406  0.0435

By using the parameters given in (28), we can obtain the
simulation curves of z(f) and z(f) under the case of the
sensor distortion occurring in the first channel (see Figs. 2
and 3), whereas Figs. 4 and 5 are curves of the system under
the sensor distortion using the normal filtering parameters,
that is the parameters are calculated by Theorem 2 by letting
1 = 1. Comparing with those two sets of figures, one can
obviously see that the designed filter produces a better
estimate of z(f) under the sensor signal distortion.

" z,(t)
4 o s 22“‘) 7
I

za(t) and 2za5(y

0 10 20 30 40 50
Time t (sec)

Fig. 5 Curves by using the normal filtering parameters
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5 Conclusion

In this paper, we addressed the problem of the reliable H, filter
design for sampled-data systems with a consideration of
probabilistic sensor distortion. To obtain a less conservative
result, an improved DCP method is proposed by using the
convexity property of the matrix inequality. LMI-based
conditions are formulated for the existence of admissible
filters, which ensure the filtering-error systems are
mean-square asymptotically stable with prescribed H,
disturbance attenuation level. Two illustrative examples are
exploited to show the effectiveness of the proposed design
procedures.
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